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Wind tunnelAbstract The aerodynamic design of a rigid-ﬂexible coupling proﬁle is the decisive factor for the
ﬂow-ﬁeld quality of a supersonic free jet wind tunnel nozzle, and its mechanic dynamic features are
the key for engineering implementation of continuous Mach number regulations. To fulﬁll the
requirements of a free jet inlet/engine compatibility test within a wide simulation envelop, both uni-
form ﬂow-ﬁelds of continuous acceleration and deceleration are necessary. In this paper, the aero-
dynamic design methods of an expansion wall and machinery implementation plan for the half-
ﬂexible single jack nozzle were researched. The proﬁle control in nozzle ﬂexible plate design was
studied with a rigid-ﬂexible coupling method. Design and calculations were performed with the help
of numerical simulation. The technique of axial free stretching of the ﬂexible plate was used to
improve the matching performance between the designed elasticity proﬁle and the theoretical
one, and the rigid-ﬂexible coupling structure was calibrated by wind tunnel tests. Results indicate
that the ﬂexible plate aerodynamic design method used here is effective and feasible. Via rigid-
ﬂexible coupling design, the ﬂexible plate agrees with the rigid body very well, and continuous Mach
number changes can be achieved during the tests. The nozzle’s exit ﬂow-ﬁeld uniformity meets the
requirements of China Military Standard (GJB).
 2016 Chinese Society of Aeronautics and Astronautics. Production and hosting by Elsevier Ltd. This is
an open access article under the CCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
From the research and development history of aero-engines, it
is indispensable to simulate an aircraft’s real operating envi-
ronment in ground tests, especially in recent years, with the
continuous development of new ﬁghters.1–3 During an air-
craft’s acceleration, deceleration, or large maneuvering,
dynamic performances are always the key point and the major
difﬁculty in the design and assessment of aircraft. Moreover,
as the requirements of a wind tunnel are various for testing(2016),
Fig. 1 Airstream models of half-ﬂexible single jack nozzles.
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simulation capability of a ground test facility is demanded to
be more advanced and ﬂexible. To resolve these dilemmas
and to make improvement on an aircraft’s performance, it is
crucial to build a jet wind tunnel with continuous variable
Mach numbers,4–6 which can perfectly reproduce the true ﬂow
pattern and dynamic response of a real ﬂow-ﬁeld at the engine
inlet during aircraft maneuvers or acceleration and decelera-
tion operations.7 Furthermore, during the development of
advanced aero-engines, some key technologies must be studied
and veriﬁed via free jet tests with a variable Mach number
wind tunnel, such as the dynamic responses of turbine-based
combined cycle engine performance8 and variable cycle engine
performance during an operation mode transition.9
Today, free jet testing devices with a ﬂexible nozzle have
been widely adopted in Western aviation developed coun-
tries.10–12 In China, the vast majority of supersonic wind tun-
nels use a ﬁxed geometrical nozzle with a ﬁxed exit Mach
number.13 Recently, Ref.14 introduced the usage of a domestic
advanced full-ﬂexible nozzle, and Ref.15 researched the perfor-
mance of a half-ﬂexible multi-jack nozzle. However, no litera-
ture about design and calibration of half-ﬂexible single jack
nozzles has been reported yet. Compared with the aforemen-
tioned two ﬂexible nozzles, a half-ﬂexible single jack nozzle
has the following advantages. (1) Due to the single jack struc-
ture, the Mach number can be adjusted quickly to simulate an
aircraft’s dynamic incoming ﬂow during acceleration and
deceleration operations. (2) Without the limitation of support-
ing collaborative arrangement of multiple points, various noz-
zle driven modes can be adopted, and even be set outside of a
wind tunnel, so as to provide possibilities of attitude simula-
tion. (3) The simple mechanical structure of a half-ﬂexible noz-
zle lets it cost less than one-tenth of that of a full-ﬂexible
nozzle. However, due to the reduction of the jack, the nozzle
proﬁle’s aerodynamic performance, mechanical property, reg-
ulation performance, and so on, are required strictly, so as
to assure that a ﬂexible proﬁle nozzle with an appropriate
geometry has equivalent ﬂow-ﬁeld quality to a ﬁxed nozzle.
The key points to ensure the ﬂow-ﬁeld quality at the nozzle exit
are as follows: (1) Compatible design of a rigid-ﬂexible cou-
pling and aerodynamic proﬁle; (2) No concentrated moment
is allowed at the end-to-end connection point of the ﬂexible
plate during the variation of the Mach number, and the curva-
ture of the rigid-ﬂexible coupling proﬁle should be continuous;
and (3) The synchronism and harmony between rigid-ﬂexible
coupling mechanism adjustment and ﬂow-ﬁeld dynamic
response must be ensured.
In this paper, the aerodynamic design and dynamic analysis
of a rigid-ﬂexible coupling proﬁle which was applied to a half-
ﬂexible single jack nozzle structure was studied by using a the-
oretical calculation and numerical simulation method. The
ﬂow-ﬁeld was calibrated via wind tunnel tests, and the design
method and ﬂow-ﬁeld quality were veriﬁed.
2. Design calculations
2.1. Nozzle design
In 1955, Rose´n ﬁrst proposed the prototype of an adjustable
nozzle.16 The half-ﬂexible single jack nozzle proﬁle is com-
posed of a ﬁxed proﬁle plate and a ﬂexible plate with linearPlease cite this article in press as: Chen P et al. Design and implementation of rigid
http://dx.doi.org/10.1016/j.cja.2016.09.002thickness, and its principle of regulating its Mach number
was introduced in Ref.17. A comparison between the nozzle
designed in this paper and a conventional half-ﬂexible single
jack nozzle is shown in Fig. 1. As can be seen, the present noz-
zle has the following characteristics:
(1) The longitudinal height compensation improves the
axial free deformation at the end of the ﬂexible plate.
Rapid regulation of the nozzle’s exit Mach number has
been achieved at the expense of the loss of the boundary
correction capability at the nozzle end. In addition, cou-
pling performance of the rigid-ﬂexible proﬁle is
improved.
(2) The rotating mechanism is replaced by an arc rail
around the fulcrum N of the ﬁxed plate, in order to
resolve technological problems during the transition
process, such as subsonic starting or transonic
acceleration.2.2. Elastica inverse problem
The core issue in the design of a ﬂexible nozzle is the elastica
inverse problem, also known as the elastic large deﬂection
problem,18 which means to ensure a coupled ﬂexible proﬁle
to be consistent with a theoretical aerodynamic proﬁle.
For our half-ﬂexible single jack nozzle, the thickness of the
plate is increased linearly along the ﬂow direction to ensure
that the curvature of the aerodynamic proﬁle changes contin-
uously, as shown in Fig. 2.
The change of the ﬂexible plate thickness is given by
h ¼ h0ð1þ bnÞ ð1Þ
where b is the variable thickness factor of the ﬂexible plate, h is
the thickness at the ﬂexible plate end, h0 is the thickness at the
ﬂexible plate starting point, and n is a dimensionless relation-
ship, i.e., x ¼ nL, in which x is the abscissa of the ﬂexible plate,
and L is the total length of the ﬂexible plate.-flexible coupling for a half-flexible single jack nozzle, Chin J Aeronaut (2016),
Fig. 2 Flexible plate of our half-ﬂexible single jack nozzle.
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by
y00 ¼ M
EI
¼  12PL
Ebh30
 nð1þ bnÞ3 ð2Þ
where M is the bending moments generated at x of the ﬂexible
plate, E is the modulus of elasticity of the ﬂexible plate, I is the
moment of inertia of the ﬂexible plate, b is the width of the
ﬂexible plate, and P is the loading.
Boundary conditions are given by
yð0Þ ¼  yt  yN þ 12 h0b
 
yðLÞ ¼ 0
y0ð0Þ ¼ tanðhA þ eÞ
y0ðLÞ ¼ tan e ¼ 1
2
h0b
8>><
>>:
ð3Þ
where yt is the ordinate of the throat, yN is the ordinate of the
rotation point N, hA is the angle of the maximum expansion,
and e is the incremental angle of the ﬂexible plate.
Setting A ¼ 12PL
Ebh30
, the following equation is obtained:
yt  yN ¼
AL3
2b2
1
b
lnð1þ bÞ  3bþ 2ð1þ bÞ2
" #
ð4Þ
According to Eq. (4), the relationship between the variable
thickness coefﬁcient b and the ﬂexible plate length L can be
obtained. The ﬁnal parameters of the ﬂexible plate structure
are shown in Table 1. Then a simpliﬁed bending function y
can be obtained according to Eq. (2) as follows:
y ¼ AL
2b
L
b
x 1þ b
L
x
 1
þ 2L
2
b2
ln 1þ b
L
x
 " #
þ h0b
2L
 AL
2ð2bþ 1Þ
2b2ð1þ bÞ2
" #
x
þ AL
3
2b2
3bþ 2
ð1þ bÞ2 
2
b
lnð1þ bÞ
" #
 1
2
h0b ð5ÞTable 1 Physical parameters of the
ﬂexible plate.
Parameter Value
Length L (mm) 480.9
Width b (mm) 130
Initial thickness h0 (mm) 6
Variable thickness coeﬃcient b 0.3672
Modulus of elasticity E (GPa) 196
Areal density q (kg/m2) 7.75
Poisson’s ratio m 0.3
Please cite this article in press as: Chen P et al. Design and implementation of rigid
http://dx.doi.org/10.1016/j.cja.2016.09.0022.3. Coupled dynamic analysis based on Kane equation
In this paper, the maximum displacement of the nozzle throat
height reaches 38.7 mm, and this will provoke substantial
elastic deformation of the ﬂexible plate. The coupling
between elastic deformation and the large range movement
of multi-body will make dynamic behaviors more complex,
and power tempering or other special dynamic phenomena
may happen.19 As a consequence, it will be beneﬁcial to study
the dynamic characteristics of rigid-ﬂexible coupling with a
ﬂexible element.
Based on the Kirchhoff assumption,20 a mid-surface model
of the ﬂexible plate is established, as shown in Fig. 3. The coor-
dinate system O-XYZ is the body-ﬁxed coordinate system.
Assuming the ﬂexible plate size as L b h, and assuming
the deformation displacement vector, from point p0 which is
a random point on the mid-surface before the deformation
to point p which is on the mid-surface after the deformation,
as uðu1; u2; u3Þ, then the velocity vector at point p based on
the inertial system can be given by
Vp ¼ V0 þ xA  ðpþ uÞ þ AVp ð6Þ
where V0 and xA are the velocity and angular velocity vectors
of the body-ﬁxed coordinate system relative to the inertial
coordinate system, respectively; p and u are the position and
deformation vectors in the body-ﬁxed coordinate system; and
AVp and p are the velocity vectors relative to the ﬂoating
group.
S; r, and u3 are used to describe the deformation displace-
ment,21 where S and r are the arc length variables at point p
in mid-surface plates, while u3 is the coordinate variable along
the height direction of the Cartesian coordinate system.
Discreting it by assuming modal method, we obtain
Sðx; y; tÞ ¼PN1i¼1£1iðx; yÞq1iðtÞ
rðx; y; tÞ ¼PN2i¼1£2iðx; yÞq2iðtÞ
u3ðx; y; tÞ ¼
PN3
i¼1£3iðx; yÞq3iðtÞ
8><
>: ð7Þ
where t is the time coordinate,£1i,£2i, and£3i are the modal
functions, N1, N2, and N3 are the interception orders of each
modal, and q1iðtÞ, q2iðtÞ, and q3iðtÞ are the coordinate of each
modal.
According to Kane equation, taking u2 ¼ S0, x ¼ _hL,
x1 ¼ x3 ¼ _x1 ¼ _x3 ¼ 0, v1 ¼ v2 ¼ v3 ¼ 0, and _v1 ¼ _v2 ¼
_v3 ¼ 0 as boundary conditions for the rotating rectangular
plate, the simpliﬁed system dynamic equation can be given
byFig. 3 The deformation description of ﬂexible plate Intermediate
ﬂat.
-flexible coupling for a half-flexible single jack nozzle, Chin J Aeronaut (2016),
Fig. 5 Comparison of rigid-ﬂexible coupling simulation lines.
Fig. 4 Shape mechanisms simulation models based on rigid-
ﬂexible coupling.
Fig. 6 Half-ﬂexible single jack nozzle lines.
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j¼1
M11ij €q1j þ 2 _h
XN3
j¼1
M13ij _q3j  _h2
XN1
j¼1
M11ij q1j
þ €h
XN1
j¼1
M13ij q3j þ
XN1
j¼1
KS1ij q1j ¼ _h2X1i ð8Þ
XN3
i¼1
M33ki €q3j  2 _h
XN1
i¼1
M31ki _q1i  _h2
XN3
i¼1
M33ki q3i  €h
XN1
i¼1
M31ki q1i
þ
XN3
i¼1
KBkiq3i þ _h2
XN3
i¼1
KdX2ki q3i ¼ €hX3k ð9Þ
where
MTmij ¼
Z b
0
Z L
0
q£Ti£mjdxdy;
Xmi ¼
Z b
0
Z L
0
qx£midxdy;
KS1ij ¼
Z b
0
Z L
0
Eh
1 m2£1i;x£1j;x þ Gh£1i;y£1j;y
 
dxdy;
KBki ¼
Z b
0
Z L
0
Eh3
12ð1 m2Þ ½£3i;xx£3j;xx þ£3i;yy£3j;yy
þ m£3i;yy£3j;xx þ 2ð1 mÞ£3i;xy£3j;xydxdy;
KdX2ki ¼
Z b
0
Z L
0
1
2
qðL2  x2Þ£3i;x£3j;xdxdy
S0 is the initial displacement of the ﬂexible plate, x is the
angular velocity, x1, x3 are the angular velocity of each vector,
_x1, _x3 are the ﬁrst-order derivative of x1 and x3, h is the rota-
tional angle of the ﬂexible plate, _h, €h are the ﬁrst-order deriva-
tive and second-order derivative of h, v1, v2, and v3 are the
velocity of each vector, _v1, _v2, and _v3 are the ﬁrst-order deriva-
tive of each velocity, q1j, q3j are the coordinate of each modal,
_q1i, _q3j and €q1j, €q3i are the ﬁrst-order derivative and second-
order derivative of q1i, q3j and q1j, q3i respectively, M
Tm
ij is the
unit mass, Xmi is the mass of each vector, T ¼ 1; 3, m ¼ 1; 3,
k ¼ 1; 2;    ;N3, KS1ij , KBki, and KdX2ki are corresponding element
stiffness, and G is the shear modulus of the ﬂexible plate.
Therefore, system dynamic equations have been obtained.
Given different control laws, such as the ﬂexible plate rotation
angular velocity x, the axial deformation with the variation
with time of the ﬂexible plate free end can be obtained.
2.4. Design results
A rigid-ﬂexible coupling simulation model of the proﬁle mech-
anism has been established, as shown in Fig. 4. Combined with
the kinetics analysis, movement under a nonlinear load is sim-
ulated, and the ﬁnal proﬁle curve can be obtained, as shown in
Fig. 5.
As shown in Fig. 5, results of rigid-ﬂexible coupling simula-
tion at Mach 1.8 suggest that the end supporting system of the
proﬁle mechanism has a great inﬂuence on its deformation.
Because the end is ﬁxed, a reverse deformation of the connec-
tion between the ﬂexible plate and the ﬁxed proﬁle is caused.
The design of an axial free motion end of the proﬁle hasPlease cite this article in press as: Chen P et al. Design and implementation of rigid
http://dx.doi.org/10.1016/j.cja.2016.09.002resolved this problem (axial displacement of 0.84 mm), which
makes the real proﬁle match the aerodynamic theoretic proﬁle
very well. There is a height difference at the proﬁle exit, which
is mainly caused by aerodynamic calculation error and bound-
ary layer correction. Fig. 6 is the nozzle’s ﬁnal wind tunnel
proﬁle under Mach 1.0 to 2.0.
3. Calibration
3.1. Test methods
To verify the design method of half-ﬂexible single jack nozzles
mentioned above, several wind tunnel tests have been per-
formed. The model nozzle is 760 mm long, the inlet size is
430 mm  190 mm (height  width), the exit size is
190 mm  130 mm (height  width), and the designed Mach
number range is from 0.3 to 2.0. Owing to the limitation of
the gas capacity of the altitude test facility, the maximum
Mach number in the tests is up to 1.8, and the simultaneous
temperature was not simulated at this time.
The veriﬁcation test mainly includes the following parts:-flexible coupling for a half-flexible single jack nozzle, Chin J Aeronaut (2016),
Fig. 9 Comparison of stress.
Design and implementation of rigid-ﬂexible coupling for a half-ﬂexible single jack nozzle 5(1) The steady-state calibration of proﬁle and stress at dif-
ferent Mach numbers. The inlet and outlet pressures,
as well as the proﬁle control parameters are calibrated
by a Mach/ﬂow angularity probe at Mach numbers of
1.1, 1.2, 1.3, 1.4, 1.5, 1.6, 1.7, and 1.8, respectively.
The ﬂexible plate stress and aerodynamic proﬁle are
measured simultaneously. Comparing measurements
with coupling simulation results, the ﬂexible plate design
method of half-ﬂexible single jack nozzles can be veri-
ﬁed. A photograph of the ﬂexible plate’s back side with
4 points for strain and static pressure measurements is
shown in Fig. 7, and a photograph of the Mach number
calibration test is shown in Fig. 8.
(2) Expansion continuous Mach number regulation tests.
The ﬂow-ﬁeld quality at the nozzle exit is measured by
Pitot rakes, and the main results are shown as follows.
3.2. Stress results
Fig. 9 shows the stress distributions of the ﬂexible plate at the
maximum test status (height 11 km, Mach 1.8). Generally, the
stress distributions of the upper and lower proﬁles are consis-
tent with those from the numerical simulation. However, the
inlet stress value is about 30 MPa higher than that of simula-
tion, and this may be attributed to the sidewall friction at
the throat connecting or the stress increase caused by struc-
tural self-gravity.Fig. 7 Photograph of coupling mechanism and measurement
arrangement.
Fig. 8 Photograph of nozzle test.
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The nozzle is assured to be under expansion by adjusting the
pressures at the test inlet and outlet. The nozzle proﬁle location
can be calculated by the wall static pressure as adiabatic isen-
tropic ﬂow, which is given by
Max ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
k 1
Px
P
 k1
k
 2
k 1
s
ð10Þ
Hx ¼ HMa
2Max
1þ k1
2
Ma2x
1þ k1
2
Ma2
 ! kþ1
2ðk1Þ
þ 0:29LxRe15x ð11Þ
whereMax is the Mach number of measurement point x,Ma is
the Mach number of the nozzle exit, Px is the static pressure of
measurement point x, P is the total pressure, H is the height
of the nozzle exit, Hx is the height of measurement point x, Lx
is the axial distance between measurement point x and the noz-
zle throat, Rex is the local Reynolds number of measurement
point x, and k is the gas constant.Fig. 10 Comparison of proﬁles of Ma 1.393, 1.604 and 1.810.
-flexible coupling for a half-flexible single jack nozzle, Chin J Aeronaut (2016),
Fig. 12 Comparison of the Mach number root-mean-square.
6 P. Chen et al.Fig. 10 shows the comparisons of proﬁles between the the-
oretical ones based on the aerodynamic simulation and the
measured ones at different Mach numbers. It is suggested that
the nozzle ﬂexible plate height matches well with the designed
height at the throat. However, the actual height is appreciably
lower than the designed one at the nozzle exit, and the differ-
ence increases with the Mach number. This is mainly because
of the boundary layer correction error.
3.4. Nozzle flow field quality
Fig. 11 shows the measured core area Mach number versus
time on the section of 5 mm downstream from the nozzle exit,
when the Mach number is continuously adjusted from 1.0 to
1.7. It should be specially explained that: (1) As being limited
by the measurement capacity constraints and for security rea-
sons, the maximum Mach number in the continuous Mach
number regulation test is 1.7; (2) In order to control test costs,
only four ﬂow-ﬁeld points in which the Mach numbers are 1.3,
1.4, 1.5, and 1.6 respectively are measured in detail; and (3)
The continuous Mach number regulation rules adopt a pro-
gressive strategy, in other words, based on the measured vac-
uum pressure and the proﬁle control parameters calibrated
in the ﬁrst step, the Mach number can be adjusted from 1.1
to 1.2, from 1.2 to 1.3, and so on, until Mach 1.7.
The rigid-ﬂexible coupling mechanism synchronism
response performs well, and the Mach number control error
does not exceed 0.03. Mach number uniformity is character-
ized by the root-mean-square error r of all the Mach numbers
of measurement points in the core region. The smaller the r is,
the more uniform the Mach number is. The deﬁnition is given
by
r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
n 1
Xn
1
Maij  1
n
Xn
1
Maij
 2s
ð12Þ
where Maij is the Mach number of measurement point (i, j) in
the core region, and n is the number of measurement points in
the core region.
The root-mean-square error r of Mach numbers measured
in the regulation tests is compared with the standard speciﬁca-
tion about the quality of wind tunnel ﬂow-ﬁeld in Ref.22, as
shown in Fig. 12. Results show that the ﬂow-ﬁeld quality at
the exit of the coupling proﬁle is better than the eligible target
of Chinese military standards in the continuous Mach numberFig. 11 Regulation course of the Mach number in succession.
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advanced standards.
4. Conclusions
A rigid-ﬂexible coupling proﬁle aerodynamic design method
has been presented in the paper, which solved the contradic-
tion between aerodynamic performance, mechanical property,
and regulation performance for the coupling proﬁle of a half-
ﬂexible single jack nozzle in supersonic free jet tests. In addi-
tion, the dynamic characteristics of a typical case were studied
further. The main conclusions can be drawn as follows:
(1) The proﬁle design method of axial free stretching
improved the matching performance of the rigid-
ﬂexible coupling mechanism, and its theoretical design
results and dynamic features were basically consistent
with the test results.
(2) Via rigid-ﬂexible coupling design, continuous Mach
number regulation has been achieved. The Mach num-
ber control error did not exceed 0.03, and the ﬂow-
ﬁeld uniformity at the nozzle exit was better than the eli-
gible target of Chinese military standards in the contin-
uous Mach number regulation tests, with some indexes
approaching or even exceeding advanced standards.Acknowledgments
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